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Topologically non-trivial vacuum structure in gravity models with Cartan variables (vielbein and
contortion) is considered. We study the possibility of vacuum space-time tunneling in Einstein grav-
ity assuming that the vielbein may play a fundamental role in quantum gravitational phenomena. It
has been shown that in the case of RP 3 space topology the tunneling between non-trivial topological
vacuums can be realized by means of Eguchi-Hanson gravitational instanton. In Riemann-Cartan
geometric approach to quantum gravity the vacuum tunneling can be provided by means of con-
tortion quantum fluctuations. We define double self-duality condition for the contortion and give
explicit self-dual configurations which can contribute to vacuum tunneling amplitude.
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I. Introduction
The problem of quantum gravity remains a great un-
resolved puzzle in theoretical physics. There are several
very sophisticated models based on superstrings, loop
quantum gravity [1, 2], Euclidean gravity (see recent book
[3] and references therein) and others which reveal new
perspectives in last decades towards more deep under-
standing of the nature of quantum gravitation. In any
quantum field theory the problem of the vacuum is one
of most important issues which must be studied first to
make firm foundation of the theory. Recently the clas-
sification of non-trivial topological vacuums in Einstein
gravity has been proposed [4]. The topological vacuum
structure and the possibility of vacuum tunneling in Eu-
clidean gravity were considered in late 70s [5, 6] with a
concluding note that the topological vacuums are sepa-
rated from each other by an infinite energy barrier which
makes the tunneling impossible. This conclusion is valid
only under certain assumptions about the global topolog-
ical properties of the gravitational vacuum. It is known
that the Einstein gravity can be formulated either in
terms of the metric tensor or in tetrad (vielbein) for-
malism. In the absence of fermions both formulations
seemed to be equivalent. However, even in a pure gravity
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without matter the vielbein may play a more fundamen-
tal role than the metric. Notice, that in the geometric
theory of defects the vielbein represents the basic inde-
pendent variable, especially in presence of dislocations
[7, 8]. One should mention as well, that the idea of re-
lating dislocations to the torsion tensor had appeared in
1950s [9]. This provides interesting links to possibility
that quantum gravity could be related to torsion within
Riemann-Cartan geometry. In the present paper we will
demonstrate that vielbein provides a non-trivial topolog-
ical vacuum structure which can be manifested through
the quantum tunneling effect. We study also simple tor-
sion instanton configurations which can provide similar
quantum tunneling effects.
We use the gauge formalism based on local Lorentz
symmetry as a fundamental symmetry of quantum grav-
ity [10–16]. In Section II we consider the vacuum concept
in Einstein gravity and explore the non-trivial topological
vacuum structure with a simple ansatz for the vielbein. In
Section III we establish connection between topologically
non-equivalent classes of SU(2) gauge potentials and cor-
responding non-equivalent classes of vielbein in Einstein
gravity. We show explicitly that the Eguchi-Hanson grav-
itational instanton [17] can provide vacuum tunneling in
Einstein gravity in a case of base space topology RP 3.
Section IV is devoted to the vacuum structure and self-
dual contortion configurations in gravity models within
Riemann-Cartan geometric formalism. The last Section
V contains discussion on possible physical implications of
2the non-trivial topological vacuum structure in Einstein
gravity.
II. Vacuum in Einstein gravity
In Lorentz gauge approach to generalized theory
of gravity the basic independent variables are repre-
sented by vielbein eam and Lorentz gauge connection
γmcd (i,k,l,... are used for world space-time indices
and a,b,c,... for Lorentz group indices). The topolog-
ically non-equivalent classes of vielbein and gauge con-
nection are classified by the non-trivial homotopy group
π3(SO(1, 3)) = π3(SO(3)) in a classical Lorentz gauge
gravity, and by π3(SO(4)) = π3(SU(2) × SU(2)) in Eu-
clidean formulation of the gravity which is relevant to de-
scription of quantum fluctuations. So that the topological
structure is determined by configurations of both fields,
vielbein and gauge connection. In Riemannian geometry
the Lorentz gauge connection is not an independent ge-
ometrical object, it is defined by Levi-Civita connection
constructed in terms of vielbein. In that case the space-
time geometry is completely determined by the vielbein.
In Riemann-Cartan geometry the contortion alone (as an
independent part of the gauge Lorentz connection) alone
can provide a non-trivial topological structure in the the-
ory, even in a case of the flat space-time.
Despite on lack of renormalizability of Einstein grav-
ity there is still a possibility that a consistent quantum
theory of gravity might exist in non-perturbative regime.
In our analysis of the vacuum tunneling problem we will
use an assumption that the vielbein is a more fundamen-
tal field than the metric, and it can represent dynamic
degrees of freedom of quantum gravity. We will concen-
trate mainly on vacuum space-time structure caused by
vielbein configuration space.
Let us start with main outlines of the general struc-
ture of Riemann-Cartan geometry. The Lorentz gauge
connection γmcd can be decomposed into Levi-Civita spin
connection ϕmcd(e) and contortion Kmcd
γmcd = ϕmcd(e) +Kmcd. (1)
The Levi-Civita connection is defined in terms of vielbein
as follows
ϕ bma(e) =
1
2
(ena∂me
b
n − enbecm∂aenc +
∂bema − (a↔ b)). (2)
The vielbein eam forms the basis of differential 1-forms in
cotangent bundle with the base space-time manifold M4
and with the structure Lorentz group. The metric of the
space-time manifold is determined through the relation-
ship
gmn = e
a
mena. (3)
Covariant derivatives acting on Lorentz and world vec-
tors are defined with the help of Lorentz spin connection
and Riemann-Cartan connection Γknm respectively
DmVa = ∂mVa + γ
b
maVb,
DmVn = ∂mVn − ΓknmVk. (4)
The Riemann-Cartan connection Γknm can be decomposed
into the Christoffel symbol Γˆknm and contortion K
k
nm
Γknm = Γˆ
k
nm +K
k
nm. (5)
The Lorentz spin connection γ bma and the Riemann-
Cartan connection Γknm are related by the following equa-
tion
Dmean = ∂mean + γ
b
maebn − Γknmeak = 0. (6)
As usually, the vielbein allows to convert Lorentz and
world indices into each other. The torsion and curvature
are defined in a standard way
[Da, Db] = −T cabDc −Rab,
T cab = K
c
ba −Kcab, (7)
where Rab ≡ RabcdM cd is a Lie algebra valued Riemann-
Cartan curvature, and M cd is a generator of the Lorentz
Lie algebra. In component form the Riemann-Cartan cur-
vature Rmncd is given by
Rmncd = ∂nγmcd + γnceγmed − (m↔ n). (8)
With these preliminaries let us consider the concept
of the gravitational vacuum in Einstein gravity. We will
treat the vielbein eam as a basic field variable in Ein-
stein gravity. The definition of the vacuum in terms of
vielbein implies the multiple topological vacuum struc-
ture in the theory due to the non-trivial third homotopy
group π3(SO(1, 3)) = π3(SO(3)) = Z classifying non-
equivalent topological mappings eam(x) : M
3 → SO(1, 3)
[4]. Here, we assume that the space-like hypersurfaceM3
has the topology of three-dimensional sphere S3, or it can
be treated as S3 due to compactification of R3.
The classical gravitational field described by the met-
ric tensor satisfies the vacuum Einstein equation
Rmn − 1
2
Rgmn + Λgmn = 0. (9)
Due to local Lorentz invariance the vielbein is determined
by the metric, Eqn. (3), only up to local Lorentz transfor-
mation e′am = Labebm with an arbitrary SO(1, 3) matrix
function Lab(x).
We define three types of classical gravitational vacuum
depending on values of the cosmological constant Λ:
3(I) Λ = 0: a standard notion of the gravitational
vacuum is provided by the zero curvature condition for
the Riemann tensor
Rijkl = 0. (10)
The vacuum is defined as a solution to the equation given
by the flat metric gmn = ηmn. The corresponding pure
gauge vielbein is given by an arbitrary matrix Lab(x) of
local Lorentz transformation
◦
eam(x) = Lab(x)δbm = Lam(x). (11)
Notice, since the globally defined flat metric ηmn does not
allow the topology of the underlying space to be S3 we
don’t have non-trivial topological sectors for the corre-
sponding vacuum vielbein. We separate the case of pos-
sible compactification R3 → S3 for a different definition
of vacuum below.
(II) Λ 6= 0: in the presence of the cosmological con-
stant the flat metric does not provide a classical vacuum
solution to Einstein equation. The vacuum can be defined
by the equations
gmn = 0, e
a
m = 0. (12)
This vacuum represents a unique absolute vacuum in a
sense that it can be interpreted as the absence of the
space-time. This definition of the vacuum is an appropri-
ate concept in quantum cosmology where the space-time
can be created from ”nothing” and the existence of mul-
tiple universe is admissible as well. The vacuum tunnel-
ing can be realized by well-known Fubini-Study gravita-
tional instanton [18] with Euler and signature numbers
χ = 3, τ = 1
gmn =
4a2
a2 + x2
(δmn − xmxn + x˜mx˜n
a2 + x2
),
x˜m = Cmnx
n,
x2 = δmnx
mxn, (13)
where Cmn is the Kaehler structure matrix and the pa-
rameter a is related to the cosmological constant by re-
lation Λ =
3
2a2
. The Fubini-Study metric describes the
compact space CP 2 without boundary. The solution has
a property: when x2 → ∞ (t → ±∞) the metric van-
ishes, gmn → 0. So that the Fubini-Study instanton de-
scribes the vacuum-vacuum transition corresponding to
the creation and disappearance of the universe in quan-
tum cosmological models. Notice, that the Fubini-Study
”anti-instanton” with τ = −1 is defined by the same met-
ric Eqn. (13) but with opposite vielbein orientation.
Notice, that in Einstein gravity without cosmologi-
cal term the concept of the flat Minkowski metric ηmn
describing an absolute space-time R1,3 is not merely sat-
isfactory from the physical point of view. An infinite
space R3 is hardly acceptable as a physical reality. The
notion of the absolute space-time is not consistent with
the second Mach principle (the well known first Mach
principle relates the inertia phenomenon with matter)
stating that the space itself is created by matter, i.e.,
without matter the space is meaningless and should be
absent. In that sense the globally defined flat metric
represents unphysical vacuum. Due to these arguments
we require that the physical vacuum metric should de-
scribe a compact space, in a particular, in the present
paper we constrain our consideration of the vacuum space
topology by three dimensional spherical manifolds S3 and
S3/Z2 = RP
3 ≃ SO(3).
(III) Λ ≃ 0: we define a physical gravitational vac-
uum by the locally flat vielbein eam = η
a
m on the spherical
3-manifold S3 (or RP 3) in the limit of infinite radius,
r ≃ ∞. Such a limit corresponds to infinitesimal cosmo-
logical constant Λ. One should notice, that this definition
is not mathematically strict, but it can serve as an ade-
quate notion in description of real physical phenomenona.
Such a vacuum appears in physical problems when the
space R3 is compactified to S3 by identifying all points
at infinity due to appropriate asymptotic boundary con-
ditions [5].
Notice, that the three dimensional sphere S3 and the
projective space RP 3 have special features which are not
available for spheres of dimension d 6= 3. Namely, the
spaces S3 and RP 3 allow the existence of almost flat non-
Riemannian connections [21], for instance at presence of
contortion. With such topology of the base space the
homotopy π3(SO(1, 3)) provides non-trivial topological
vacuums in Riemann-Cartan generalizations of gravity.
Let us consider a simple ansatz for finding instan-
ton solutions. In Euclidean space-time the Lorentz group
SO(1, 3) is replaced by the compact group SO(4). The
general pure gauge vielbein
◦
eam can be obtained from the
Euclidean flat vielbein δam by making arbitrary Lorentz
gauge transformation. In local coordinate frame one has
the same expression, Eqn. (11), for the gauge trans-
formed vielbein as in the global case. Using the defi-
nition for the Levi-Civita connection (2) one can obtain
the corresponding pure gauge spin connection
◦
ϕmcd = Lce∂mL˜ed, (14)
where L˜ed is a transposed matrix. The Riemann tensor
constructed from the pure gauge connection is identically
zero,
◦
Rabcd = 0. In a temporal gauge,
◦
ϕ0cd = 0, the static
non-equivalent topological vacuums are classified by the
4Chern-Simons number (winding number)
NCS =
1
16π2
Tr
∫
d3x(
◦
ϕd
◦
ϕ+
1
3
◦
ϕ
◦
ϕ
◦
ϕ), (15)
where,
◦
ϕ = dxmφmcdM
cd is a Lie algebra valued differ-
ential 1-form of spin connection.
Let us consider a simple ansatz for instanton con-
figurations. Since in Euclidean space-time the Lorentz
group SO(4) is locally isomorphic to the direct product
SU(2) × SU ′(2) one can find a proper generalization of
the known SU(2) instanton ”hedgehog” ansatz. In SU(2)
theory the complex scalar doublet can be parameterized
with SU(2) matrix in exponential form
φ = eiωτˆ xˆφ0,
xˆi =
xi
r
, tanω =
r
t
, r = (xixi)1/2, (16)
where τˆ i are Pauli matrices, and φ0 = (0, 1) is a trivial
vacuum for SU(2) scalar field. One can write down the
following expression for a pure gauge vielbein obtained
from the trivial flat vielbein by SU(2) transformation
◦
ema = e
ωηixˆiδma = (δma cosω + η
i
maxˆ sinω)
cosω = t/ρ, sinω = r/ρ,
ρ2 = t2 + r2, (17)
where we use ’t Hooft matrices ηima, η¯
i
ma (i=1,2,3). A
pure gauge vielbein constructed by the Lorentz gauge
transformation SO(4) ≃ SU(2)× SU ′(2) reads
◦
ema = e
ωηixˆieωη¯
ixˆiδma. (18)
In the following we will consider only one subgroup
SU(2) of the Euclidean Lorentz group for simplicity.
The pure gauge vielbein can be rewritten as follows
(n = 0, 1, 2, 3)
◦
ema = (δma cosω + η
i
maxˆ sinω) ≡ Θnma
xn
ρ
,
Θ0ma = δma,
Θima = η
i
ma, i = 1, 2, 3 (19)
where Θnma is a four-dimensional generalization of the ’t
Hooft matrices.
As a simple application of the above construction of a
pure gauge vielbein one finds a non-flat vielbein by using
a spherically symmetric ”hedgehog” ansatz
ema = g(ρ)Θ
n
ma
xn
ρ
. (20)
The vielbein produces a conformally flat metric gmn
which leads to a vanishing conformal Weyl tensor
Cmncd = Rmncd − 1
2
Rcmgnd +
1
2
Rcngmd +
1
2
Rdmgnc
− 1
2
Rdngmc +
1
6
R(gcmgnd − gcngmd) = 0. (21)
The Ricci scalar is expressed in terms of the function g(ρ)
R = 2g
(
g′′ +
3g′
ρ
)
. (22)
For the vanishing Ricci scalar, R = 0, one has a simple
differential equation which has a solution
g(ρ) = 1 +
λ2
ρ2
. (23)
This solution corresponds to the Hawking wormhole [19,
20]. The corresponding Ricci tensor is not vanished
Rnd = (δndρ
2 − 4xnxd) 4λ
2
ρ2(ρ2 + λ2)2
. (24)
Despite on the seemed singularity at ρ = 0 one can
verify by using the conformal metric with the confor-
mal factor (23) that the curvature tensor invariants
RndR
mn, RmncdR
mncd are regular everywhere. Since the
conformal tensor is zero, Cmncd = 0, the Hirzebruch sig-
nature is zero. That means that the solution can be in-
terpreted as a gravitational analog to the instanton-anti-
instanton solution in Yang-Mills theory. An additional
argument for such interpretation will be given in Section
IV.
III. Vacuum tunneling
In this section we study the possibility of tunneling
between gravitational topologically non-equivalent vac-
uums. For this purpose we will introduce a construc-
tion of gauge non-equivalent classes of vielbein differ-
ent from the one considered in the previous section.
Namely, we will choose a left-invariant basis of one-forms
on SO(3) ≃ RP 3 for the space triple of vielbein expressed
in terms of SU(2) pure gauge connection. The explicit
construction of the instanton solution in terms of SU(2)
connection allows to show explicitly that one has vacuum
tunneling.
Let us start with an explicit construction of topologi-
cally non-trivial pure gauge connections. The Lie algebra
valued Lorentz gauge connection can be decomposed into
the 3-dimensional rotation and boost parts ~Am and ~Bm
[4]
γm =
(
~Am
~Bm
)
. (25)
5Since the rotational subgroup of the Lorentz group is lo-
cally isomorphic to SU(2) one can construct the vacuum
gauge connection from the pure gauge SU(2) potential
Ωm
γm = Ωm =
(
Ωˆm
0
)
. (26)
Notice, that the gravitational connection of the vacuum
space-time in Einstein’s theory is fixed by the rotational
part of the spin connection which describes the multiple
vacua of SU(2) gauge theory [22, 23].
Let nˆi (i = 1, 2, 3) be orthonormal isotriplets which
form a right-handed basis (nˆ1 × nˆ2 = nˆ3), and let
Dmnˆi = 0, (27)
whereDm is SU(2) covariant derivative. Obviously, these
conditions impose a strong restriction on the gauge po-
tential and corresponding field strength. Indeed, the con-
straints (27) imply a vanishing field strength. This is
because we have the following integrability condition
[Dm, Dn] nˆi = g ~Fmn × nˆi = 0, (28)
which leads to zero curvature equation for SU(2) field
strength, ~Fmn = 0 (g is a coupling constant). This tells
that a vacuum potential must be the one which paral-
lelizes the local orthonormal frame.
Solving (27) we obtain a most general SU(2) vacuum
potential
~Am = Ωˆm = −Cmnˆ− 1
g
nˆ× ∂mnˆ = −Ckm nˆk,
1
g
nˆ× ∂mnˆ = C1m nˆ1 + C2m nˆ2,
Ckm = −
1
2g
ǫ kij (nˆi · ∂mnˆj), (29)
where nˆ = nˆ3 and Cm = C
3
m. One can easily check that
Ωˆm describes a vacuum
Ωˆmn = ∂mΩˆn − ∂nΩˆm + gΩˆm × Ωˆn
= −(∂mCkn − ∂nCkm + gǫ kij CimCjn) nˆk = 0. (30)
This tells that Ωˆm (or C
k
m) describes the classical SU(2)
vacuum. Notice that, although the vacuum is fixed by
three isometries, it is essentially fixed by nˆ. This is be-
cause nˆ1 and nˆ2 are uniquely determined by nˆ, up to a
U(1) gauge transformation which leaves nˆ invariant. In
general nˆ describes the Hopf fibering π3((SU(2)/U(1)) =
π3(S
2) = Z. We choose a special angle parameterization
for nˆ
nˆ =
(
sinα cosβ
sinα sinβ
cosα
)
, (31)
we have the following expressions for the pure gauge vec-
tor fields Cim
C1m =
1
g
(sin γ∂mα− sinα cos γ∂mβ),
C2m =
1
g
(cos γ∂mα+ sinα sin γ∂mβ),
C3m =
1
g
(cosα∂mβ + ∂mγ), (32)
where we introduce the angle γ corresponding to U(1)
transformation which leaves nˆ invariant.
A nice feature of (29) is that the topological character
of the vacuum is naturally inscribed in it. The topological
vacuum quantum number is given by the non-Abelian
Chern-Simon index of the potential Ωˆm [23–27] (α, β, γ =
1, 2, 3)
NCS = − 3g
2
8π2
∫
ǫαβγ(C
i
α∂βC
i
γ +
g
3
ǫijkC
i
αC
j
βC
k
γ )d
3x
= − g
3
96π2
∫
ǫαβγǫijkC
i
αC
j
βC
k
γd
3x, (33)
which classifies the non-trivial topological classes. Notice,
this topology can also be described in terms of nˆ, because
(with nˆ(∞) = (0, 0, 1)) it defines the mapping π3(S2)
which can be transformed to π3(S
3) through the Hopf
fibering [23, 27]. So both Ωˆm and nˆ describe the vacuum
topology of the SU(2) gauge theory. But since Ωˆm is
essentially fixed by nˆ we can conclude that the vacuum
topology is imprinted in nˆ.
Using the pure gauge SU(2) vector fields Cim one can
construct the basis triple of left-invariant differential 1-
forms on S3
σi =
1
2
dxmCim. (34)
One can check that the one-forms σi satisfy the structure
Maurer-Cartan equation
dσi = 2ǫijkσjσk. (35)
The basis of pure gauge vielbein one-forms can be defined
in polar coordinate system (ρ, θ, φ, ψ) as follows
◦
ea = (dρ, ρσi). (36)
The angle variables θ, φ, ψ on the sphere S3 have ranges
0 ≤ θ ≤ π,
0 ≤ φ ≤ 2π,
0 ≤ ψ ≤ 4π. (37)
6The angle functions α(θ, φ, ψ), β(θ, φ, ψ), γ(θ, φ, ψ) define
the homotopy group π3(SU(2)). To find non-trivial in-
stanton solutions one can apply the following ansatz with
four trial functions g0(ρ), gi(ρ)
ea = (g0(ρ)dρ,
1
2
dxmgi(ρ)ρC
i
m). (38)
If the functions g0, gi are smooth then they will provide
smooth deformation of the mapping M4 to R× S3.
To demonstrate the presence of quantum tunneling
between non-trivial topological vacuums we will follow
the same way as it has been done in Yang-Mills-Higgs
theory [27]. First, one should pass to a temporal gauge.
An explicit calculation gives the following expression for
the temporal component of the pure gauge potential in
Cartesian coordinates
Cit =
2xi
ρ2
. (39)
The expression for the Lie algebra valued SU(2) gauge
potential corresponding to the ansatz (38) is given by
~At = i
gi(ρ)
ρ2
(τˆ ixi) = i
gi(ρ)
ρ
(τˆ ixˆi) sinω,
r2 =
∑
i=1,2,3
(xi)2. (40)
Performing gauge transformation with gauge parameters
ω˜, fˆ i one can impose the temporal gauge
~At → A˜t = U˜ ~AtU˜−1 + U˜ ~∂tU˜−1 = 0,
U˜ = exp[iω˜(r, t)τ ifˆ i(r, t)], (41)
where fˆ2 = 1. The temporal gauge condition implies the
following equations for the gauge parameters (ω˜, fˆ i)
1
ρ
[gix
i cos 2ω˜ +
∑
j,k
ǫijkgjx
j fˆk sin 2ω˜ +
∑
k
fˆ igkx
kfˆk(1 − cos 2ω˜)]− fˆ i∂tω˜ − 1
2
∂tfˆ
i sin 2ω˜ +
∑
j,k
1
2
ǫijk fˆ j∂tfˆ
k(1− cos 2ω˜) = 0. (42)
Multiplying the equation by fˆ i one finds an ordinary dif-
ferential equation for ω˜
∂tω˜ =
1
ρ2
gix
ifˆ i. (43)
As an application of the above equations in temporal
gauge we consider first a simple case of the flat space-
time metric when g0 = 1 and all functions gi are the
same, gi = g(ρ):
ds2 = dρ2 +
1
4
ρ2g2(ρ)σiσi. (44)
The zero curvature condition Rijkl = 0 implies
g(ρ) = 1 +
2m
ρ
. (45)
One can easily find a solution to the equation (42)
fˆ i =
xi
r
,
ω˜ =
2mt
rρ
(
m
ρ
+ 2) + (1 +
2m2
r2
) arctan
t
r
+ c(r),
c(r) =
4m
r
+
π
2
(1 +
2m2
r2
). (46)
In the limit t→ ±∞ one has
ω˜(t = −∞) = 0,
ω˜(t = +∞) = 8m
r
+ π(1 +
2m2
r2
). (47)
This implies that ~n(t = −∞) = (0, 0, 1) defines a
trivial topology, whereas ~nt=+∞ corresponds to the non-
trivial topological configuration with the winding number
NCS = 1
~nt=+∞ = −U˜t=+∞~nt=−∞ =

 sinα(r) cos β(r)sinα(r) sin β(r)
cosα(r)

 , (48)
where the angle functions α(r), β(r), γ(r) are related with
ω˜(r, t) by the equation
U˜t=+∞ = exp[iα(r)/2τˆ
iβˆi(r)] =
exp[iω˜(r,+∞)τ ifˆ i(r,+∞)],
βˆi = (sinβ,− cosβ, 0). (49)
Since the Riemann tensor is identically zero for a pure
gauge connection the total action is determined only by
the surface term in the Lagrangian of Einstein gravity
S = − 1
16πG
∫
M
R
√−gd4x− 1
8π
∫
∂M
KiidΣ, (50)
where, Kii is the trace of the second fundamental form
which is defined by
θ0i = −Kijei,
θab = ω
a
b − (ω0)ab. (51)
7The spin connection differential 1-form (ω0)
a
b is defined
in the trivial flat background space-time. Calculation of
the action results in
S = 3πmρΣ(1− 2m
ρΣ
)2, (52)
where ρΣ is the radius of the boundary surface ∂M chosen
as S3. The action positivness implies m > 0, so that
the action becomes infinite in the limit ρΣ → +∞. By
this, the transition amplitude from the trivial topological
vacuum labeled by NCS = 0 to the non-trivial one with
NCS = 1 is vanished
< NCS = 1|NCS = 0 >vac≃ e−S = 0. (53)
Notice, in the case of Eguchi-Hanson instanton the total
action vanishes since the surface term is proportional to
1/ρ2Σ.
Let us consider the Eguchi-Hanson instanton solution.
The original form of the solution is the following [17]
ds2 = g20dρ
2 +
ρ2
4
(g21σ
2
x + g
2
2σ
2
y + g
2
3σ
2
z),
g1,2 = 1, g
2
3 =
1
g20
= 1− a
4
ρ4
. (54)
The solution has a singularity at ρ = a. It has been
shown [17] that by changing the coordinate frame the
solution becomes regular everywhere for ρ ≥ a and in the
reduced angle range for ψ: 0 ≤ ψ < 2π. The point ρ = a
represents a removable polar coordinate singularity, and
the space-time has the topology of RP 3 at ρ→∞.
Notice, that the equations (42) can be solved analyt-
ically in a special case g1 = g2 ≡ p, g3 ≡ q and with
constrained gauge functions fˆ i given in the form
fˆ1 = hxˆ,
fˆ2 = hyˆ,
fˆ3 = f zˆ. (55)
With this the equations (42) are reduced to
∂tω˜ =
rq
ρ2f
,
∂tf = 0,
f =
r√
z2 +
p2
q2
(x2 + y2)
. (56)
The solution implies an additional constraint for the trial
functions p, q
∂t(
p2
q2
) = 0. (57)
To find a solution to the equations (42) in the case of
Eguchi-Hanson instanton one has to introduce three inde-
pendent gauge functions fˆ1,2, ω˜. So that one has to mod-
ify the ansatz (55) which will be given below. Notice, in
the asymptotic region t→ ±∞ the function g23 = 1−
a4
ρ4
goes to the flat limit very fast, so that one can use the an-
alytic solution (56) for qualitative analysis of the asymp-
totic behavior of fˆ i, ω˜
f ≃ 1,
ω˜ ≃
∫
dt
rg3
ρ2
+ c1(r). (58)
The function c1(r) has to be chosen from the initial con-
dition ω˜(t = −∞) = 0. At upper limit one has
ω˜(t = +∞) ≃ π + ω0(r), (59)
where ω0(r → ∞) = 0. So that, the Eguchi-Hanson
instanton realizes the tunneling from the trivial vacuum
with NCS = 0 to the non-trivial one with NCS = 1.
Let us consider a consistent parametrization for three
independent gauge functions fˆ1,2, ω˜ which implies a solu-
tion to the equations (42) for the case of Eguchi-Hanson
instanton with manifest axial symmetry. The proper
parametrization is obtained by generalization of the spe-
cial ansatz (55) by rotating the functions fˆ1,2 in the plane
x1, x2 and introducing time dependence for the gauge
functions
fˆ1 = P (x, t)x1 +Q(x, t)x2,
fˆ2 = −Q(x, t)x1 + P (x, t)x2. (60)
The third independent gauge function ω˜ remains the
same. Substitution of this ansatz into equations (42,43)
results in the following equations (g0,3 = 1/g1,2 ≡ g(ρ))
cos 2ω˜
gρ2
+
g
ρ2
x3 sin 2ω˜Q− P cos 2ω˜∂tω˜
−1
2
sin 2ω˜∂tP +
1− cos 2ω˜
2
(fˆ3∂tQ−Q∂tfˆ3) = 0,
sin 2ω˜
gρ2
(fˆ3 − g2x3P )−Q cos 2ω˜∂tω˜ − 1
2
sin 2ω˜∂tQ
+
1− cos 2ω˜
2
(P∂tfˆ
3 − fˆ3∂tP ) = 0,
g
ρ2
x3 cos 2ω˜ − sin 2ω˜
gρ2
u2Q− cos 2ω˜fˆ3∂tω˜
−1
2
sin 2ω˜fˆ3 − 1− cos 2ω˜
2
u2(∂tPQ− P∂tQ) = 0,
∂tω˜ =
1
ρ2
(1
g
u2(P 2 +Q2)1/2 + gx3fˆ3
)
, (61)
where u2 ≡ (x1)2+(x2)2. Notice that there are only three
independent equations in (61). The equations contain
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FIG. 1: The curves (1a,b,c) and (2a,b,c) correspond to the
gauge functions α(t, r) and β(t, r) respectively. The curves
(3a,b,c) depict the behavior of the gauge function ω˜(t, r) which
has correct asymptotic limits (0, pi). The size parameter of
Eguchi-Hanson instanton is set to be a = 1. The subscripts
(a,b,c) correspond to the fixed values of the space radius: r =
1, 1.2, 3. The initial values for the gauge functions are taken
to be close to the following asymptotic values α(t = −∞) =
pi/4, β(t = −∞) = arccos(x1/r), ω˜(t = −∞) = 0.
coefficients which depend only on cylindric coordinates
x3, u, this implies axial symmetry of the solutions P,Q, ω˜
under rotation around the axis x3.
There is another useful parametrization for the gauge
functions fˆ1,2, ω˜ which is suitable for numerical solving
the equations (42, 43). It is convenient to choose angle
parametrization for the functions
fˆk(t, ~r) =

 sinα(t, ~r) cosβ(t, ~r)sinα(t, ~r) sinβ(t, ~r)
cosα(t, ~r)

 . (62)
Numerical testing of the equations (42,43) confirms regu-
lar behavior of the functions α(t, ~r), β(t, ~r), ω˜(t, ~r) in the
whole region ρ ≥ a, (−∞ < t < ∞). The solution for
the gauge functions is depicted in Fig. 1. For simplicity
we show the regular behavior of the gauge functions along
the selected radial direction x1 = x2 = x3 = r/
√
3 (for
positive values of xi). We have checked numerically that
the gauge function ω˜(t, r) which implies the non-trivial
winding number has a correct limit ω˜(t → +∞) = π.
This completes our proof that Eguchi-Hanson instanton
provides tunneling between non-trivial topological neigh-
bor vacuums with the base space topology of RP 3.
IV. Self-dual contortion
In generalized gravity models with contortion (tor-
sion) the total Riemann-Cartan curvature can be decom-
posed into two parts in accordance with the split rela-
tionship (1) for the spin connection
Rabcd = Rˆabcd + R˜abcd,
Rˆabcd = Dˆbϕacd + ϕ
e
bc ϕaed − (a↔ b),
R˜abcd = DˆbKacd +K
e
bc Kaed − (a↔ b), (63)
where, Rˆabcd is the Riemann curvature and Dˆa is a re-
stricted covariant derivative containing only the Levi-
Civita connection. The underlined indices stand for in-
dices over which the covariantization is performed. Due
to curvature decomposition (63) the classical vacuum can
be defined by several ways. A simple definition of the vac-
uum in generalized Riemann-Cartan gravity includes two
zero curvature conditions
Rˆabcd = 0,
R˜abcd = 0. (64)
So that, in the space-time with a flat metric the tunnel-
ing is possible due to instanton configurations made of
contortion. Non-trivial topological classes of contortion
are provided by the same homotopy group π3(SO(1, 3))
as in Einstein gravity with vielbein. In this Section we
consider possible configurations of self-dual contortion ir-
respectively on a concrete model of generalized Riemann-
Cartan gravity. For simplicity, we suppose the vielbein
to be flat, eam = η
a
m. So that, γmcd = Kmcd and the to-
tal Riemann-Cartan curvature Rabcd coincides with the
curvature R˜abcd.
For the Riemann-Cartan curvature one can define two
types of dual tensors using contraction of the antisym-
metric tensor ǫabcd with either first or second index pair
of Rmncd
R∗mnab =
1
2
ǫabcdRmncd,
∗Rmncd =
1
2
ǫmnklRklcd. (65)
We define a self-dual Riemann-Cartan curvature as a ten-
sor satisfying the double self-duality equations
Rmncd = R
∗
mncd,
Rmncd =
∗Rmncd. (66)
Using the ’t Hooft matrix ηicd one can decompose any
antisymmetric tensor Tab into self-dual and anti-self-dual
parts
Tab = η
i
abS
i
ab + η¯
iAiab. (67)
A self-dual Riemann-Cartan curvature can be written in
the following form
Rmncd = η
i
cdR
i
mn. (68)
9The solution to the self-duality condition is provided by
the self-dual spin connection with arbitrary functions γim
γmcd = η
i
cdγ
i
m. (69)
In the case of Riemann geometry the self-duality con-
dition implies the following expression for the Riemann
curvature
Rmncd = η
i
mnη
j
cdP
ij ,
ηimn ≡ eamebnηiab, (70)
where the tensor P ij must be symmetric due to the sym-
metry of the Riemann tensor under the replacement of
first and second index pairs. The self-dual Riemann-
Cartan curvature has the same form (70) with a non-
symmetric tensor P ij in general. Let us construct some
double self-dual contortion configurations using a proper
ansatz.
I. We apply the ansatz
γmcd = η
i
cdη¯
i
mnx
nf(ρ). (71)
After substituting this ansatz into the Eqn. (70) one can
find
ηimnP
ij = −2η¯jmn(f + ρ2f2)
+(η¯jmpxn − η¯jnpxm)xp(
f ′
ρ
− 2f2). (72)
Self-duality condition of the equation implies the con-
straint
η¯kmnη
i
mnP
ij = 0. (73)
The last equation gives an ordinary differential equation
4f + ρf ′ + 2ρ2f2 = 0 (74)
which has a solution
f(ρ) = − λ
2
ρ2(ρ2 + λ2)
. (75)
This solution is analog to ’t Hooft-Polyakov one instanton
solution in a singular gauge. Notice, that the tensor P ij
is not symmetric
P ij = −2ηimnη¯jmkxnxk
f
ρ2 + λ2
, (76)
so that the curvature Rmncd represents essentially the
Riemann-Cartan curvature. The contracted Riemann-
Cartan curvatures are not vanished
Rmncn = δmcP
ii + ηkmcǫ
kijP ij ,
R = 4P ii. (77)
II. We choose the following ansatz
γmcd = η
i
cdη
i
mnx
nQ(ρ). (78)
The solution to double self-duality equations for Rmncd
reads
Q = − 1
a2 + ρ2
. (79)
The curvature tensors have the following forms
Rmncd = η
i
mnη
i
cd
2a2
(ρ2 + a2)2
,
Rab = δab
8a2
(ρ2 + a2)2
,
R =
32a2
(ρ2 + a2)2
. (80)
The solution can be interpreted as a solution to the
Riemann-Cartan analog of the Einstein equation with a
non-constant cosmological term
Rab = Λ(ρ)δab. (81)
III. Let us construct a self-dual solution to self-duality
condition for the conformal tensor Cmncd (21) defined in
terms of Riemann-Cartan curvature. We use the follow-
ing ansatz
γncd = η
i
cdη
i
nkx
kf(ρ) + η¯icdη¯
i
nkx
kf(ρ). (82)
Substituting the ansatz into the self-duality condition for
the conformal tensor and requiring the condition of van-
ishing scalar Riemann-Cartan curvature R = 0 one ob-
tains a differential equation
R = −12(4f(ρ) + 2ρ2f2(ρ) + ρf ′(ρ)) = 0, (83)
which has a solution
f(ρ) = − λ
2
ρ2(ρ2 + λ2)
. (84)
This solution implies
Cmncd = 0,
R = 0,
Rnd = (δndρ
2 − 4xnxd) 4λ
2
ρ2(ρ2 + λ2)2
. (85)
The solution is regular everywhere with a finite curvature
invariant
R2mncd =
1152λ4
(ρ2 + λ2)4
. (86)
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The ansatz (82) contains two parts, each of them cor-
responds to self-dual contortion described by type II so-
lution. So that the solution (84) can be interpreted as
an analog to the instanton anti-instanton pair. Notice,
that this solution is very similar to the conformally flat
metric (23) considered in Section II. Notice, if we adopt
the point of view that torsion is responsible for the mi-
croscopic structure of the space-time, and our Universe
represents a classical macroscopic system, we can perform
averaging procedure in the solutions (85) and (76) over
all directions using the averaging prescription
< xnxm >=
1
4
ρ2δnm. (87)
This implies vanishing of the Riemann-Cartan curvature.
By this way the contortion may become unobservable at
macroscopic level.
V. Discussion
We have shown explicitly that the Eguchi-Hanson in-
stanton can provide tunneling between non-trivial topo-
logical vacuums represented by the vielbein in the case
when the base space has topology of RP 3. Our main
assumption is that the vielbein represents a more fun-
damental variable than the metric tensor. It might seem
unexpected that the vacuum tunneling requires the space
topology of RP 3, not S3. An interesting discussion on
which topology of the base space, S3 or RP 3, should be
accepted as a physical one, is presented in Ref. [28].
One should notice, that in our present Universe the
vacuum tunneling is unlikely to be available since the Uni-
verse is not static and represents rather a macroscopic,
noncoherent system in a quantum sense. However there
is a possibility for experimental detecting the non-trivial
vacuum structure. It is related to the presence of Adler-
Bardeen-Jackiw (ABJ) axial anomaly, in a similar man-
ner with quantum chromodynamics. A non-vanishing sig-
nature leads to the axial anomaly of the axial current for
spin
1
2
and spin
3
2
particles. In the case of Eguchi-Hanson
instanton the spin index I1/2 of the Dirac operator is iden-
tically zero whereas the spin index I3/2 is non-trivial. For
the case of Fubini-Study instanton one has an axial ABJ
anomaly [18]
∂µj
5µ = ∂µ(
√
geaµψ¯γaγ5ψ) =
1
4
RR∗. (88)
Unfortunately in quantum gravity we don’t have an
analogue of the pion decay coupling constant fpi which
could allow to measure the axial charge in gravity. As
for the index I3/2, there is a hope that spin 3/2 parti-
cles (like the Ω− hyperon or the hypothetic particle grav-
itino) could open a way of direct detecting the non-trivial
vacuum topology. Besides these pure thoughtful specula-
tions one should notice that one has one indirect evidence
why our space might have the topology of RP 3. This
may come from the existence of the positive cosmological
constant which provides the RP 3 topology of space-like
hypersurfaces of the closed de Sitter universe.
The main assumption which we explore in our consid-
eration of vacuum tunneling in Einstein gravity is that
the vielbein represents a fundamental variable responsi-
ble for the quantum gravitational effects. If the Einstein
gravity is an emergent phenomenon, i.e., it is an effective
theory, then one should not quantize the vielbein which
is a pure classic object by its geometric origin. Since a
consistent quantum theory of gravity is unknown for the
present moment, the question whether the vielbein or the
torsion (or another object) is responsible for the quantum
dynamics of gravity, remains open. One possible way to
testify whether the vielbein can be more fundamental at
quantum level than the metric is to perform experiment
on detecting the gravitational analog of Aharonov-Bohm
effect. We hope to study the theoretical framework for
this in nearest future. Recently we have considered a
gravity model with a topological phase where the viel-
bein does not play a role in quantum dynamics whereas
the contortion (as a part of Lorentz connection) plays a
fundamental role at quantum level [29]. In this connec-
tion our self-dual torsion configurations may have some
physical applications.
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